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Abstract 

■ A system of a single relativistic electron interacting with the quantized electromagnetic 
£N1 . field is considered. We mainly study this system with a fixed total momentum p — This 

system is called the Dirac polaron. We analyze the lowest energy E(p) of the Dirac polaron, 
and derive some properties: concavity, symmetricity, and the inverse energy inequality 
E(p) < E(0), p € R 3 . Furthermore, we consider the existence of the ground state of the 
Dirac polaron. We show that the Dirac polaron has a ground state under a condition which 
includes an infrared regularization condition and an ultraviolet cutoff. This ensures that 
the relativistic dressed one electron state exists. 

' Key words: QED, relativistic QED, finite propagation speed, ground state, Dirac polaron, 

■ fibre Hamiltonian. 
MSC: 81Q10. 

; 1 Introduction 

H , 

The energy operator of a system of a single relativistic electron interacting with an external 
scalar potential V is the Dirac operator Hd + V, where Hp = ex ■ p + Mj3 is the free Dirac 
operator. Here we use units such that H = c = 1, where h is the Plank's constant and c is the 
speed of light. The dynamics of each electron state ip is described by the Dirac equation 

However, the description of the electron by this Dirac operator is physically insufficient, be- 
cause the electron always interacts with the quantum electromagnetic field and the electron 
cannot be separated from the electromagnetic field. 
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We consider a system of a single electron interacting with the quantized radiation field (= 
the quantized electromagnetic field with the Coulomb gauge). In the full quantum electrody- 
namics the electron is described by the Dirac field. But the system we consider in this paper 
is the single electron system with the quantized radiation field, so called the Dirac-Maxwell 
model. The Hamiltonian of the system is the Dirac operator with the quantized radiation 



where Hf is the Hamiltonian for the free photon, and — qa- A(x) is an interaction Hamiltonian, 
q is a coupling constant (A(x) is the quantized vector potential). The Hamiltonian H is 
sometimes called the (quantized) Dirac-Maxwell operator. The dynamics of the Dirac-Maxwell 
system is described by the following equation: 



where \&(i) denotes a state of the electron and photons at time t. Note that H is not bounded 
from below due to the negative energy part of the Dirac operator. This fact makes analysis 
of the Dirac-Maxwell model difficult. We impose an ultraviolet cutoff on the quantized vec- 
tor potential. By this ultraviolet cutoff and the Coulomb gauge, the Dirac-Maxwell system 
has no relativistic covariance. Nevertheless, the dynamics of the Dirac-Maxwell system has 
some relativistic property. In particular the electron of the Dirac-Maxwell system has a finite 
propagation speed and the speed is less than 1 in our units (Proposition 12.2(1 . 
In this paper we mainly assume that there is no external potential: 



Then the total momentum of the system conserves, i.e., the Hamiltonian of the system strongly 
commutes with the total momentum operator P := (P2, P3, P3). Hence the Hamiltonian has 
a direct integral decomposition with respect to the total momentum^ Ej: 



We study the fibre Hamiltonian H(p) which describes the dynamics of the relativistic single 
electron dressed in photons. We call H (p) the Dirac polaron Hamiltonian with total momen- 
tum p. A most important fact of the fibre Hamiltonian H(p) is that H(p) is bounded from 
below for all values of all constants: the total momentum p, the electron mass M and the 
fine-structure constant q (see ^1])- Therefore the fibre Hamiltonian H(p) has a finite lowest 
energy E{p) := inf a(H(p)) > —00, where a(H(p)) is the spectrum of H(p). We note that 
although the lowest energy of H is minus infinity, that of H(p) is finite. 

In Section 3, we analyze some properties of the ground state energy E(p), and we prove 
the inverse energy inequality: 



field: 



H := a ■ (p - g A(x)) + Mp + H f + V, 



V = 0. 




E{p) < E(0), p € M 3 . 



(1) 
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Moreover, under a suitable condition, we show the strict inverse energy inequality: 

E(p) < E(0), p G M 3 \{0}. 

One of the important quantities of the Dirac polaron is 

E(p-k)-E(p) + |k|, k,pgR 3 . 

A property of this quantity will be used to establish the existence of a ground state of H(p) 
in Section 4. We give a condition such that 

E(p - k) - E(p) + |k| > 0, k G K 3 \{0}, 

for each fixed p. Moreover we give a lower bound function of E(p — k) — E(p) + |k|. The 
lower bound is about (1 — b) min{|k|, C}, where 1 — 6 and C are positive constants. 

We refer to the non-relativistic QED — the Pauli-Fierz model. The Pauli-Fierz model is 
a model which describes a dynamics of the non-relativistic electron and the radiation field. 
There are many researches about the non-relativistic model. Many results are written in the 
book [EJ. The Pauli-Fierz Hamiltonians for one electron are defined by 

H NR :=^[a.(p-qA(±))] 2 +V, 

#NR,spinless == ^(p - <?A(x)) 2 + V, 

where <x denotes the Pauli matrices. For a suitable potential V and \q\ small, -£/nr is a self- 
adjoint operator acting on a Hilbert space, and is bounded from below. The one electron 
Pauli-Fierz Hamiltonian -Hnr is derived as the non-relativistic limit of the Dirac-Maxwell 
model(jlj). In the case V = 0, the total momentum of the Pauli-Fierz models are conserved 
and the Hamiltonians have a direct integral decomposition (e.g. 

#NR — / -f^NR(p)dp, -#NR,spinless — / ^NR,spinlcss(p)dp. 

Jr 3 Jr 3 

The lowest energies of these fibre Hamiltonians are automatically finite. We write these 
lowest energies as ^nr(p), ^NR,spiniess(p)- F° r the spinless Pauli-Fierz polaron Hamiltonian 
-ffNR,spinless(p)) the following energy inequality holds (16, pp. 206]): 

,spinless (0) < .Bnr ,spinless 

(p), p G M . (2) 

This inequality is an inverse relation of (0). T. Chen[7] showed that i?NR,spinless(0) has a ground 
state for a sufficiently small coupling constant without infrared cutoff, and -ffNR,spiniess(p) has 
no ground state for p ^ in a suitable sense. Recently M. Loss, T. Miyao and H. Spohn[T3] 
showed that the fibre Hamiltonian of the many electron Pauli-Fierz Hamiltonian has a ground 
state under natural conditions which includes the condition |p| < 1 and an energy inequality 
such as (J2J. There they do not assume the infrared regularization condition. 

The electron of the Pauli-Fierz model is non-relativistic and has no finite propagation 
speed, i.e., the electron of the Pauli-Fierz model can move fast without limit. Since the speed 
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of photon is effectively less than 1, if the electron have a large speed, then the electron may 
emits the Cherenkov radiation and slow down until the electron velocity becomes less than 
one. As far as we know, this intuition is not justified completely yet. But this effect has serious 
influence on the existence of a ground state of Hnr(p), -ffNR,spiniess(p) 5 i-e., if the speed of the 
model is larger than one: |p|/M > 1, then the Hamiltonians ITnrXp), -#NR,spmiess(p) may not 
have a ground state. See jjj. 

However, in the Dirac-Maxwell model, the Cherenkov radiation does not occur because the 
electron speed is always less than one. Hence it is expected that H(p) has a ground state for 
all p G R 3 under natural conditions. 

In Section 4, we show that H(p) has a ground state for all p G R 3 under a condition 
which includes an infrared regularization condition. This result guarantees the existence of 
the relativistic dressed one electron state. 

In Section 5, we study the angular momentum and degeneracy of eigenvalues of the Dirac 
polaron. We will show that the angular momentum of the Dirac polaron conserves and any 
eigenvalues of H(p) have even multiplicity (admit infinity). 

This paper has two appendices. In Appendix A, we show that Dirac-Maxwell model and 
Dirac polaron are independent of the choice of polarization vectors. Namely, two Hamiltonians 
which are defined by different polarization vectors are unitarily equivalent each other. 

Although all of spectral properties of the Dirac Maxwell Hamiltonian and the Dirac po- 
laron Hamiltonian do not depend on the choice of polarization vectors, the form of angular 
momentum depend on the polarization vectors, i.e. the form of the angular momentum is 
defined for each choice of polarization vectors. 

In Appendix B, we give a general definition of the angular momentum in quantum electro- 
dynamics. 



2 Definitions of the Model 

The Hilbert space for the photon field is the Boson Fock space over L 2 (R 3 x {1, 2}): 



•F rad : — 



n=0 



L 2 (R 3 x {1,2}) 



(3) 



where <8>" means the n-fold symmetric tensor product (see For a closable operator T on 

L 2 (R 3 x {1,2}), we denote by dT(T), T(T) the second quantization operators of T. See jTHJ. 
The Hilbert space for the Dirac-Maxwell system is defined by 



rad) 



(4) 



where TL := L 2 (R 3 ;C 4 ) is the Hilbert space of the relativistic electron. For each vector 
/ G L 2 (R 3 x {1,2}), we denote by a(/), a(/)* the annihilation and the creation operator 
respectively (see JHI)- Let e^ A ) : R 3 i— > R 3 , A = 1,2, be polarization vectors: 



e W (k)-e^(k) = 5 Xitl , eW(k)-k = 0, k G R 3 , A, y. G {1, 2}. 
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We write as e^ A )(k) = (e\ (k), e 2 (k), eg (k)), and we suppose that each component ej- (k) 
is a Borel measurable function of k. For three objects 01,02,03, we set a = (01,02,03) 
and a • b := J2^=i a jbj if Ylj=i a jbj is defined. For a linear object F(-) we set F(&) := 
(F(ai), ^(02), ^(03)). We choose a function 

p G L 2 (M 3 ) nDom(w _1 ), 

where "Dom" means the operator domain and u is multiplication by 

w(k) = |k|. 

The function p plays the role of an ultraviolet cutoff. We set 

<2,(k,A;x) :=|k|- 1 /2 p ( k ) e W( k ) e -^X ) x , k G M 3 , A = 1, 2, j = 1,2,3. 
For each x G R 3 , g,(x) := ; x) G L 2 (R 3 x {1, 2}). For each position x G M 3 , we define 

M*) :=^[«(9 J (x))+o(< 7 ,(x))*], j = 1,2,3, 

the quantized vector potential at point x G M 3 , where for a closable operator T, T denotes its 
closure. For each x G M 3 , Aj(x) is a self-adjoint operator on J r ra( i(see [TH]). The Hilbert space 
J 7 can be identified as 

^ = L 2 (IR 3 ;C 4 »^ rad ) = rC 4 0^ rad dx, 
and we can define a self-adjoint decomposable operator on T by 

A(x) := / A(x)dx, 

(see The operator A(x) is also called the quantized vector potential. The free photon 

Hamiltonian is defined by 

Hf := dr(w). 

The Dirac-Maxwell Hamiltonian which describes one relativistic free electron interacting with 
the quantized radiation field is given by 

H := ct ■ (p - gA(x)) + M(3 + H f , 

where p = — iV and V is the gradient operator in TC, a,/3 are 4x4 Dirac matrices, the 
constant M G R is the mass of the electron, q G M is a constant proportional to the square 
root of the fine-structure constant. For simplicity, we always omit the tensor product between 
TC and J 7 ^- It is easy to see that H is symmetric. The essential self-adjointness of H was 
proven first in the paper [2]. We give a slightly improved result: 

Proposition 2.1 (Essential self-adjointness). H is a self-adjoint operator and essentially 
self-adjoint on any core for \/—A + Hf. 
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Remark. The Hamiltonian H seems to depend on the choice of the polarization vectors (k), 
e( 2 )(k). However, we can show that H is unitarily equivalent to W defined by using another 
polarization vectors e'^^k), e'( 2 )(k), see Appendix A. Therefore, all physical consequences of 
the model do not depend on the choice of polarization vectors. 

Proof. The proof is a simple application of the Nelson's commutator theorem. Our choice of a 
comparison operator for the Nelson's commutator theorem is y/—/S. + Hf. See |15) for detailed 
estimates. □ 



The Hilbert space J- can be identified as L 2 (R 3 ; C 4 <g>J- ra d) naturally. For each state \P G J-, 
the support of electron part is defined by 

el-supp(^) := suppdl^OllcWvJ. 

Let S be a region in R 3 . For each t > 0, we set 

LC(S,t) := {y G R 3 ||x-y| < t,x G S}. 

Let V G L 2 oc (R 3 ) be a real- valued function. The electron of the Dirac-Maxwell model have a 
finite propagation speed: 

Proposition 2.2 (Finite propagation speed of electron). Assume that H + V and a ■ 
p+ Mj3 + V are essentially self-adjoint. For any state $ G f , the time evolution ^(t) := 
exp(— it(H + V))^ satisfies that 

el-supp(*(t)) C LC(el-supp(#),i), t > 0. 

Proof. By the Trotter product formula, we have 



:= s-lim 



exp ( - —(a • p + M/3 + V)) exp ( -—(H f - qa ■ A(x)) 



n / v n 



n 



It is easy to see that exp[— [it/n){Hf — qa ■ A(x))] does not change the electron support. It 
is well known that the Dirac operator a ■ p + MP + V has a finite propagation speed and the 
speed is less than one. Hence for any state $ G J 7 , 



el-supp(exp(-zt(a - p + M/3 + V)/n)) C LC($,t/n). 

Thus we have that 

el-supp ( exp (- ^(a-p + Mp + V)^ exp ( - -(H f - qa • A(x))) C LC(^,t). 

Note that the strong limit does not change the electron support. Thus the proposition follows. 

□ 
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We define the momentum operator p rad of the quantized radiation field by 

P rad = dT(k). 

Each component PJ ad (J = 1,2,3) is a self-adjoint operator on J- Ia d. The total momentum 
operator is defined by 



P : = p + P rad . 

The total momentum of the system governed by the Hamiltonian H is conserved, i.e., the 
Hamiltonian H strongly commutes with P (see 2 ). To find the polaron Hamiltonian, we 

define a self-adjoint operator 

Q := x- P rad , 

where x = (xi,X2,X3) are the multiplication operators of the functions x%,X2,X3 acting on H. 
Let Up be the Fourier transform on H, and we set U := Up exp(iQ). By this unitary operator 
U, the Hamiltonian H and total momentum operator P are transformed as follows(seePP): 



UHU* = a [p - dT(k) - qA] +M(3 + H f , 
UPU* = p, 



where A := A(0) and p is the multiplication operator by the (Fourier transformed) coordinates 
(p\,P2iPz) on the Fourier transformed Hilbert space UpH. We can identify UJ- as 



UT:= \ C 4 ®^ rad dp. (5) 

The fibre Hamiltonian we consider is of the form 

H(p) :=a-p + Mf3 + H f -a- dT(k) - qa ■ A, (6) 

which acts on each fibre C 4 <8> ^"rad an d p G I 3 is a constant. The polaron Hamiltonian H(p) 
is the fibre of UHU* in the decomposition ©(see 

Proposition 2.3. For all p G M 3 , H(p) is essentially self-adjoint and 

/•© 

UHU* = / H(p)dp, 

/•© 

UPU* = / pdp. 



Remark. Physically H(p) is the Hamiltonian of the fixed total momentum p S R . We can 
show that all the spectral properties of H(p) do not depend on the choice of polarization 
vectors, because the Hamiltonians with different polarization vectors are unitarily equivalent 
each other. See Appendix A. 

Remark. We call H(p) the Dirac polaron Hamiltonian. 

Remark. The polaron model of the non-relativistic quantum electrodynamics is derived by the 
non-relativistic limit of H(p). See 0. 
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One of the most important fact of H (p) is the boundedness from below: 
Theorem 2.4. The Dirac polaron Hamiltonian H(p) is bounded below. 

Proof. See [T3|. Although we needed the condition p G Dom^ 1 / 2 ) in the proof of 14 , one 
can remove this condition by a careful estimate. □ 

Thus we can define the lowest energy of the Dirac polaron with total momentum p: 

E(p) :=inf 

where cr(-) means the spectrum. 

For a constant m > 0, we define a regularized Hamiltonian of H(p): 

H m (p) := a ■ p + M/3 + J3)(m) - a ■ dT(k) — qa ■ A, (7) 

where 

#/(m) := dT(w m ), w m (k) = (1 + m)|k| + m. (8) 

The case to = is the original case Hq(j>) = H(p). By the Kato-Rellich theorem, one can 
easily show that for all m > the massive Hamiltonian H m (p) is self-adjoint on Dom(Fj(m)), 
and essentially self-adjoint on any core for Hf(m). Since H m (p) > H(p), H m (p) is also 
bounded from below. 
We set 

E m {p):=Ma(Hjp)). (9) 

For a bounded below self-adjoint operator T, we say that T has a ground state if inf cr(T) 
is an eigenvalue of T. 

For m > 0, the massive Hamiltonian H m {p) was studied in ^H], in which A. Arai showed 
that H m (p) has a ground state for all m > 0. 

Proposition 2.5 (Existence of ground state in the massive case). Assume that m > 0. 
Then, the distance between E m {p) and the essential spectrum of H m (p) equals m > 0. In 
particular, H m {p) has a ground state. 

Proof. See p. □ 

Remark. Since the condition in Proposition 12 . 51 has no restriction in p, H m (p) admits a ground 
state for all p G R 3 . This fact is one of the crucial differences between the Dirac-Maxwell model 
and the non-relativistic model such as the Pauli-Fierz model. 

3 Some Properties of the Ground State Energy E m (p) 

The ground state energy E m (p) may depend on all the constants in H m (p): the total momen- 
tum p G M 3 , the electron mass Mel, the virtual photon mass m > 0, the ultraviolet cutoff 
function p, and the coupling constant ? £ I. But E m (p) does not depend on the choice of 
polarization vectors. When the dependence of these variables is important, we write E m {p) 
as E m (p, M, ■ ■ ■ ), making it explicitly. 

The following results hold including the massless case m = 0, unless otherwise specified. 
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Proposition 3.1 (Concavity of the ground state energy). E m (jp) is a concave function 
in the variables (p, M, q) G R 3 x E x R. 

Proposition 3.2 (Continuity of the ground state energy). E m (p,M) is a Lipschitz 
continuous function of(p,M), i.e., 

\E m (p,M) - E m (p',M')\ < v/Ip-p'P + IM-M'I 2 , p,p' G R 3 , M,M' g R. 

Proposition 3.3 (Reflection symmetry in the electron mass M). The Hamiltonian 
H m (p,M) is unitarily equivalent to H m (p,—M). In particular 

E m (p, M) = E m (p, -M), E m (p, M) < E m (p, 0). 

A symmetry of a cutoff function p leads to a symmetry of the same kind with respect to 
the total momentum p of H m (p): 

Proposition 3.4 (Symmetry in the total momentum). Assume that |p(k)| = |p(Tk)| 
a.e. k G R 3 for an orthogonal matrix T G 0(3). Then H m (p) is unitarily equivalent to H m (Tp), 
and E m (p) = E m (Tp). 

If the cutoff function |p(k)| has the reflection symmetry at the origin, the following impor- 
tant inequality holds. 

Theorem 3.5 (Inverse energy inequality). Assume that |p(k)| = |p(— k)|, a.e. k G R 3 . 

Then, the inverse energy inequality 

E m {p) < E m (0), pGR 3 

holds. 

Assuming that H m (0) has a ground state, we can obtain the following strict inverse energy 
inequality: 

Theorem 3.6 (Strict inverse energy inequality). Assume that |p(k)| = |p(— k)| a.e. k G 
R 3 . If H m (0) has a ground state, then 

E m (p)<E m (0), for all p / 0. 

Remark. When m > 0, the massive Hamiltonian H m (0) has a ground state (Proposition 
12. 5|) . In the massless case m = 0, H(0) has a ground state under suitable conditions (see the 
conditions in the following Theorems 14.11 POl and FOl ) 

A function /(k) is called rotation invariant function if /(k) = /(Tk) for all T G SO(3). 
If the cutoff function p is rotation invariant, the spectral properties of H m {p) does not 
depend on the direction of p: 

Proposition 3.7 (Spherical symmetry in the total momentum). Assume that |p(k)| is a 
rotation invariant function. Then H m (p) is unitarily equivalent to H m (jp') for all p' G R 3 with 
|p| = |p'|. In particular E m (p) is rotation invariant with respect to p, and E m (p) > E m (p') 
i/|p|<|p'l- 
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Proposition 3.8 (Massless limit of the ground state energy). E m (p) is monotone 
non- decreasing in m > and 

lim E m (p) = E (p). 

m— >+0 



Generally, by Proposition 13.21 the following inequality holds: 

0<£ m (p-k)-£ m (p) + |k|, P ,keE 3 . 

The function k — ► E m (p — k) — E m (p) + |k| plays the role of a dispersion relation in the 
low-energy Dirac polaron. The next Theorem is an important fact. 

Theorem 3.9 (Lower bound on the energy- momentum-dispersion relation). Assume 
that p is rotation invariant. Suppose that E m (p, M) < E m (p, 0). Then, i/p / 0, the following 
estimate holds: 



E m (p — k, M) — E m (p, M) + \k\>{ 



'|k| if |p - k| < |p|, 

(l-6 m (p))|k| if |p| < |p-k| < 2|p|, 
Jl-6 w (p))|p| if 2|p| < |p-k|, 



where 

, f s E m (p,M) -E m (2p,M) 
o m {p) := j^j < 1. 

In the case p = 0, for all constant P > the following estimate holds: 

'^^|k|, if |k| < 
a m (P), if |k| > P. 



( Qm(-P) U | ^1 < p 

E m {k,M)-E m (0,M) + \k\> { p J r , ' - „ (10) 



a m (P) := (S m (k, M) - £ m (0, M) + |k| 
is a strictly positive constant. 



|k|=P 



Remark. These inequalities are important to establish the existence of a ground state of H(p). 
As for these aspects, we were motivated by [T3] , 



4 Existence of a Ground State 

In paper A. Arai studied a Hamiltonian in a class which includes the massive Hamiltonian 
H m (p), m > and prove the existence of a ground state of H m (p), m > 0. The class 
of Hamiltonians and conditions considered in do not include the massless Dirac polaron 

H(P)- 

In this section, we give criterions for H (p) to have a ground state and prove the existence of 
the relativistic dressed single electron state. The criterions are essentially same as the infrared 
regularization condition. 
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Theorem 4.1. Assume that E(p,M) < E(p,0). Suppose that p is rotation invariant. If 

[ I « dk<1 

y K 3(£( P -k)-£(p)+|k|)2 ik| aK<i ' [lL) 

then the Dirac polaron Hamiltonian H{p) has a ground state. 

Using the lower bound on the energy-momentum-dispersion relation(Theorem I3.9j) . we 
obtain the following theorem: 

Theorem 4.2. Let p be rotation invariant. Suppose that E(p,M) < E(p,0). Assume the 
infrared regular condition p 6 Dom(w -3 / 2 ). Then there exists a constant qo > such that for 
all q with \q\ < qo, H(p) has a ground state. 

Proof of Theorem 14. II is based on the photon number bound. Therefore the inequality (jllj) 
is a restriction on the coupling constant q. If one uses the photon derivative bound in the proof 
of the existence of ground state, one can remove this restriction on the coupling constant q. 

We need the following assumption: 

(A) (i) p is a rotation invariant function, (ii) There is an open set S C R 3 such that 
S = supp p and p is continuously differentiable in S. (iii) For all R > 0, the bounded 
region Sr := {k G 5*||k| < R} has the cone property. 

The theorem below guarantees the existence of relativistic dressed one electron state with- 
out restriction on the coupling constant q: 

Theorem 4.3. Suppose that E(p,M) < E(p,0). Assume (A). Moreover we assume that 

p e Dom( W - 3 / 2 ), |k|- 5 / 2 p(k) € LP(S R ), |k|" 3 / 2 | Vp(k)| G W(S R ), (12) 
for all p £ [1, 2) and R > 0. Then H(p) has a ground state. 

Remark. Let x«,A(k) be a characteristic function of the region {k 6 M 3 |k < |k| < A}. For 
all k > and A < oo, the cutoff function p = Xk,a satisfies the conditions (A) and (|12j) in 
Theorem 14 .31 The function p(k) = |k| exp(— A|k|) (A > 0) also satisfies the conditions (A) and 

Id- 



5 Angular Momentum and Degeneracy of Eigenvalues 

Let j £ M 3 be a unit vector. In this section we show that the angular momentum around j-axis 
in the Dirac-polaron system is conserved if p is parallel to j and /?(k) has a rotation invariant 
property around the j-axis. 

Let (H m (p), e) be a Dirac polaron system in which we adopt e = (e^, e( 2 )) as the choice of 
the polarization vectors. The total angular momentum around j-axis in the system (H(p),e) 
is defined by 

Jj(e) :=Sj + Lj(e), 

where Sj := © 2 (j • <x)/2 and £j(e) is a general angular momentum for the radiation field which 
is defined in Appendix B. 

The following proposition is a fundamental fact and one can easily prove this: 
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Proposition 5.1. The spectrum of Jj(e) is the set of half-integers: 

a(Jj(e)) = Z 1/2 := {±1/2, ±3/2, ±5/2, • • • }. 
In particular Jj (e) is decomposable as 

C 4 ®^ rad = f(z), 

ze2,!/ 2 

Jj(e)- z. (13) 

The conclusion in this section is the next theorem: 

Theorem 5.2. Let j is a mii vector which parallel with p. Assume that p(k) = p(Rk),k G M 3 
/or a// i? G 0(3) with Rj = j. T/ien H m (p) strongly commutes with Jj(e). /n particular, H m (p) 
is decomposable as 

i?m(p) = flm(p^), 

in t/ie same sense of Moreover, for all z G %i/2> H m (p : z) is unitarily equivalent to 

H m {p ■ ~ z )> an d all the eigenvalues of H m (p) has an even degrees of degeneracy. 

Remark. Theorem 15.21 means that if a ground state of H m (p) exists, then the ground state is 
degenerate with an even degree. 

Remark. By a similar way that is used in [mUTT]. we can show that for sufficiently small q 
the degrees of degeneracy of the ground state H m (p) is less than 5. 

6 Proofs of Proposition EPIEOl [3771 ET8l and Theorem GL3 GOD, 

dm 

We note that the operator H m {p) is essentially self-adjoint on any core for Hf(m), because 
the term —a ■ dr(k) — qa ■ A is .ffy-bounded with relative bound l(see ^3]) and one can apply 
Wust's theorem (see (IE!)- We set V := Dom(Hf) nDom(iVb). T> is a common core for H m (p), 
(m > 0). When we want to write the explicit dependence of variables (p, M,m,q), we write 
H m (p) as H m (p,M,q). 

Proof of Proposition^^ Let (p, M, q), (p', M', q') el 4 xK, and t G [0, 1]. Then for all f eP, 
we have 

<tf , H m (tp + (1 - t)p', tM + (1 - t)M', tq+(l- t)q')V) 
= tf m (p, M, g)*) + (1 - t)(tt, ff m (p', M', </)*) 
> i# m (p, M, q) + (l- t)E m (p', M', q'). 

Thus we obtain 

E m (tp + (1 - t)p', tM + (1 - t)M', tq + (l- t)q') > tE m (p, M, q) + (1 - t)E m (p' , M' , q'), 
which implies that E m (p,M, q) is a concave function. □ 
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Proof of Proposition El By the equality H m (p, M) = H m (p' , M')+a- (p — p') + (M - M')/3, 
and the variational principle, we have E m (p, M) < H m (p' , M') + a ■ (p - p') + (M — M')j3, 
in the sense of a quadratic form on T>. Hence we have 

E m (p,M) < E m {p',M') + ^|p-p'| 2 + (M-M') 2 . 

Similarly, we have £ m (p', M') < E m (p, M) + a/|p - p'| 2 + (M - M') 2 . □ 

Proof of Proposition ^^ We set 75 := —ia\aioij,. It is easy to see that —75 is a unitary oper- 
ator and 7 5 -ff m (p,M)75 = H m (p, —M). Therefore E m (p, M) = E m (p, —M). By Proposition 
ETT1 M i-> E m (p, M) is concave. Hence E m (p, 0) = E m (p, \M - \M) > E m (p, M). □ 

Proof of Proposition^^ For the matrix T 6 0(3), we define four 4x4 matrices: 

3 

:= 0, a'j :=5jTjyaj, j = 1,2,3. 
i=i 

It is easy to see that {a'p0} = 0, {a^,a^} = 25jj, j,l = 1,2,3. Then there exists a 4x4 
unitary matrix ut such that (see |19( Lemma 2.25]) 

3 

k=l 

Therefore u T a ■ pu^ 1 = 52k,l=i T l,k a kPl = Yll,i=i a k(T~ 1 )k,iPi = a ■ (T _1 p). Similarly, we 
have 

u t {ol ■ aT(\<i))u^ 1 = a • (T _1 dr(k)), u T a • An r ! = a • (T _1 A) = (Ta) • A. 
We define 1-photon rotation operator T by 

(f/)(k,A) = /(T- 1 k,A), (k,A) el 3 x{l,2}, /el 2 (l 3 x{l,2}). 
Then for all / G Dom(kjT) 

f-^ffiKX) = (%T/)(Tk,A) = (Tk) i (f/)(Tk, A) = (Tk),/(k, A). 
Hence we obtain an operator equality T~ l kjT = (Tk)j, (J = 1,2,3), and 

r(f - 1 )dr(fc i )r(f ) = dr((Tk),) = (r • dr(k)),-, 

T(f- l )H f {m)T(f ) = H f {m) 
Tif-^AjTif), = ^(r- 1 ^), j = 1, 2, 3, 

where $ 5 (-) is the Segal field operator (seegB)) and := 9j{-,x = 0) G L 2 (M 3 x {1,2}). The 
operator U := «t <8> T(T _1 ) is a unitary operator on C ® .T^ad and 

UHUpjU- 1 = (a • (T-ip) + M/3 + i//(m) - a • dT(k) - q(Ta) • $ s (f ^g)). (14) 
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Note that T is a 3x3-matrix and T is a unitary operator on L 2 (R 3 x {1, 2}). Since T G 0(3), 
we have (Toe) ■ $ s (f -1 g) = a ■ T-^sfT^g), i.e., 

3 

(T-^sCf- 1 ^ = ^(r-i^^sCf- 1 ^), i = 1, 2, 3. (15) 

Z=l 

We define functions 

e'W(k) = T-V^Tk), (k, A) G R 3 x {1,2}. 

It is easy to see that e^ 1 ), e'( 2 ) are polarization vectors: k-e'( A )(k) = 0, e'( A )(k)-e'^(k) = 5\ tfl . 
Since |p(k)| = |p(Tk)|, there exists a Borel measurable function k «(k) G R such that 
p(Tk) = e iK ( k V(k), a.e. k G R 3 . Therefore, we have 

Y,(T-\ igi (TKX) = ^j^ef >(k). (16) 
z=i ' ' 

Let H' m (p) be £T TO (p) with replaced by e'W. Bv (|T1|) . flg) and flS), we have 

c/^pTc/* = y^(T-i p )y*, 

where V := r(e ire W). By Theorem 19.21 H' m (T~ l p) is unitarily equivalent to H m (T~ l p). 
Therefore, -ff(p) is unitarily equivalent to H m (T~ 1 p). Since p G R 3 is arbitrary in the above 
argument, H m (p) is unitarily equivalent to H m (Tp), and E m (p) = E m (Tp). □ 

Proof of Theorem \3.5\ By the assumption p(k) = p(— k) a.e. k G R 3 and Proposition 13.41 we 
have E m (p) = E m (—p), p G R 3 . Using the concavity in Proposition I3.1( we obtain 

E m (0) = E m {\p - \p) > ^E m (p) + ^E m {-p) = E m (p), 

for all p G R 3 . □ 

Proof of Theorem \3.(A We assume the equality E m (p) = E m (0) for a nonzero vector p G 
R 3 \ {0}. Let <& m (0) be a normalized ground state of H m (0). For t = 1, —1, we have 

£ m (p) = £ m (tp) < ($ m (0), # m (tp)$ m (0)) = t(* m (0), a • p* m (0)) + E m {0). 

Therefore (* m (0),a • p$ m (0)> = 0, and hence ($ m (0), # m (p)$ m (0)) = £ m (0) = E m (p), 
which implies that $ m (0) is a ground state of H m (p): E m (p)$ m (Q) = i? m (p)$ m (0). Thus 
a • p3> m (0) = 0, and we get a contradiction |p| 2( l> m (0) = 0. □ 

Proof of Proposition |?Q[ The first half of Proposition 13.71 is a direct consequence of Propo- 
sition E3J We show that E m (p) is non-increasing in |p|. Temporarily we assume that there 
exist vectors p,p' G R 3 such that |p| < |p'| and E m (p) < E m (p'). Without loss of generality, 
we can assume that p' = tp for some t > 1, because E m (p) does not depend on p/|p|. Since 
E m (sp) — > E m (0), (s — > 0), and the map R : s i— ► E m (sp) is continuous, there exists a constant 
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s' £ [0, 1) such that E m (s'p) = E m (p'). We set r := (t - l)/(t - s') £ [0, 1). Then we get a 
contradiction 

E m (p) = E m {r{s'p) + (1 - r)p') > r£ m (s'p) + (1 - r)S m (p') = £? m (p'). 

Therefore E m {p) is a non- increasing function of |p|. □ 

Proof of Proposition^^ Let m > m' > 0. Then we have H m (p) > H m /(p) in the sense of 
quadratic form on P. Therefore m ^ E m (p) is monotone non-decreasing: E m {p) > E m i(p). 
It is easy to see that for all ^ £ D, iif m (p) x I' — > i^p)^ as m — > 0. Since I? is a common 
core for all H m (p), H m (p) — > H(p) in the strong resolvent sense (see ^ZJ Theorem VIII. 25]). 
Using a fact about a strongly convergent operators [17l Theorem VIII. 24], we obtain that 
E m (p) -> £(p) as m -> +0. □ 

Proof of Theorem W.fA We need the next lemma: 
Lemma 6.1. Assume that E m (p,M) < E m (p,0). Then 

E m (p - k, M) - E m (p, M) + |k| > 0, k £ M 3 \{0}. 

Proof. We prove this lemma by absurd. First we prove it in the massive case m > 0. We fix 
M^0 and p £ M 3 . Assume that 

E m (p - k) - E m (p) + |k| = 0, (17) 

for a vector k £ M 3 \{0}. Let 3> m (p — k) be a normalized ground state of H m (p — k)(see 
Proposition 12. 5JI . Then 

E m (p - k) = ($ m (p - k),ff m (p-k)$ m (p - k)) 

= <* m (p - k) ! iJ m (p)$ TO (p - k)) - ($ m (P - k), a • k$ m (p - k)) 
>S m (p)-|k|. 

Hence, by assumption ((T7)) we have ($ m (p — k), H m (p)<f> m (p — k)) = E m (p) and (<I> m (p - 
k),o: • k<£ m (p — k)) = |k|, which implies that & m (p — k) is a ground state of both H m (p) 
and —a ■ k. Since k is a non-zero vector, we have (3> m (p — k),/3$ m (p — k)) = 0, because 
a ■ k/3 = — (3a. ■ k. In what follows, to emphasize M-dependence, we write H m {p — k) and 
3>m(p — k) as H m (p — k, M) and ( I ) m (p — k, M) respectively. Using the above facts, we have 

E m (p,M) = ($ m (p - k, M), H m (p, 0)$ m (p - k, M)) >E m {p,0), 

which contradicts E m (p,M) < E m (p,0). Next, we prove the case m = 0. Assume that there 
exist a vector k £ M 3 \{0} such that the equality E(p — k, M) — E(p, M) + |k| = holds. It 
is easy to see that lim m _> +0 ($m(p - k, M), H(p - k, M)$ m (p - k,M)) = E(p - k,M). By 
these equations, we have 

lim (* m (p-k,M),a-k* m (p-k,M)) = |k|, (18) 

m— >+0 

lim (* m (p - k, M), H(p, M)$ m (p - k, M )) = E(p, M). (19) 
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Equation (fT8]> implies that 



lim (|k| - a. • k)$ m (p — k, M) = 0. 

m— »+0 



Therefore lim m _ ++0 ( < J ) m(p - k, M),/3$ m (p - k, M)) = 0. This fact and equation (jTHJ) mean 
that E(p, M) = E(p, 0), which is a contradiction with E(p, M) < E(p, 0). □ 

We fix the vector p such that E m (p,M) < E m (p,0). Since p is rotation invariant, by 
Proposition 13.71 the function 

G m (|k|) := E m (0) - E m (k), keR 3 . 

is monotone non-decreasing, convex with respect to |k|, and the following inequality holds 

< G m (\k\) < |k|, kei 3 . (20) 

Since G m (s) is convex, G m (s) has a right derivative G+ (s): 

G+'(s) := lim [G m (s + h) - G m (s)]/h. 
h— >+0 

First we show that 

G+'(a)<l, 0< S <|p|. (21) 

Since GfYi^s^) is convex and < G m (s) < s, G+ (s) is a monotone non-decreasing function of 
s. If (so) > 1 for a constant sq > 0, then (s) > 1 for all s > sq and 

G m (s) = f G+'(t)di + f ° G+'(t)dt > (a - S o)G+'( So ) + f ° G+'(t)d*, ( 5 > a „). 

is JO JO 

It contradicts (|2fl|) . Thus, G+ (s) < 1 for all s > 0. Let si > be a point such that G^'(si) = 1 
and G+'(si — e) < 1 for all < e < s±. If |p| < s±, (|2*T|) is trivial. Thus we consider the case 
|p| > s\. Note that G+'(s) = 1 for all s > si. Hence G m (s) is linear if s > si: 

G m (s) = s + neg.const., s > si, 

where "neg.const." denotes a negative constant. By this equality, we have that 

E m (p - k) - E m (p) + |k| = -|p - k| + |p| + |k|, 

for all p, k with |p — k| > s\, \p\ > s\. We choose k = — Cp for a constant C > si/|p|. Then 

E m (p - k) - E m (p) + |k| = 0. 

It contradicts Lemma 16. II Therefore G^'(s) < 1 holds for all < s < \p\. 

Next, by using this inequality, we prove Theorem 13.91 By 1)21(1 and convexity of G m , it 
holds that 

cmip) := < b m (p) < 1. 
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We define a set of functions: 
C:={J: EL 



-| J is convex, < J(s) < s, (s > 0) 
J(|p|) = G m (|p|),J(2|p|) = G m (2|p|)} 



Then we have 



E m (p - k) - # m (p) + |k| = |k| + G m (p) - G m (p - k) 

> |k| + G m (p) - sup J(p - k). 

JeC 



(22) 



The maximal function in C is given by the following line graph: 



'c m (p)s if s < |p|, 

&m(p)0 - IpI) + G m (|p|) if |p| < s < 2|p|, 
[s-2\p\ +G m (2|p|) if 2|p| < |p-k|. 



Hence 



W > |k|+G m (|p|)- { 



'c m (p)|p-k| if |p-k|<|p|, 

6 m (p)(| P - k| - |p|) + G m (| P |) if | P | < | P - k| < 2| P |, 

Up - k| - 2|p| + G m (2|p|) if 2|p| < |p - k|. 

'|k| + c m (p)(\p\ - \p - k|) if |p-k|<|p|, 

|k| - b m (p)(\p - k| - |p|) if | P | < | P - k| < 2| P |, 

Jk| - |p-k| + (2-Mp))|p| if 2|p| < |p-k|. 



Using the triangle inequality, one can obtain the desired estimate. Finally we prove (|10|) . Since 
G+ (0) < 1 and G m is convex, the constant a m (P) is strictly positive for all P > 0. It is easy 
that 



p 



Hence 



E m (k) - E m (0) + |k| = |k| - G m (|k|) = / (1 - G+\s))ds 

Jo 

G m (P) ' 



> { 



> 



|k| 



1 



P 

G m (P) 
P 



ds 



if Ikl < P. 



|k| 



ds+ / (l-G+'(s))ds if |k|>P. 



(a m (P)/P)|k|, if |k| <P. 
a m (P), if |k| > P. 



This completes the proof. 



□ 
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7 Proofs of Theorem 

In the massive case m > 0, H m (p) has a normalized ground state $ m (p) G Dom(i7y(m)). 
There exists a sequence {$ mj (p)}?Li, — ► 0(j — ► oo) such that {<& mj } has a weak limit 
<£o(p)- If ^o(p) 7^ 0, then the massless Hamiltonian H(p) has a ground state(see [HI Lemma 
4.9]). 

In this section, we sometimes use the following identification 

oo 

C 4 ®f rad = ©C 4 ®f (n) , F {n) :=Ci 2 (« 3 x{l,2}), 

n=0 

and 

C 4 ®^ (n) C L 2 (M. 3 x {l^C 4 ®^™" 1 )), n = 1,2,3,.... 

where each vector \E'( n ) e C 4 ®^ 7 ^" - ^ is identified with a Hilbert space valued function V&W (k, A; •) 
: M 3 x {1,2} ^ C 4 ®^™- 1 ). 

For a vector $ £ C 4 ® ^i-ad; we define an object 

a A (k)^ := (^( 1 )(k,A),v / 2^ (2) (k,A;-),...,^ (n) (k, A; •),-..) G x C 4 ®^, 

n=0 

where the symbol "x" means the direct product. In general, a A (k) , I' ^ C 4 ® J-" ra( j, but we can 
show that a A (k)>I' G C 4 Trad for a class of vectors $ £ C 4 (g> J^ ra d- Let w : M 3 — > [0, oo) 
be an almost positive Borel measurable function, and we denote its multiplication operator 
on L 2 (M 3 x {1,2}) by the same symbol. For * = (^)^ =1 G Dom(dr(w) 1 / 2 ), the object 
a A (k)*I' is a C <8> ^-ad-valued function: a A (k)^ G C 4 (%> .T^ad; a.e. k G M 3 , A = 1,2. Because, if 
* G Dom(dr(w) 1 / 2 ), then 



oo . 

\dr(^) 1 /^f = J2J2 / nw(k)||*M(k,A;Oll£ 

n=U=l,2 ^ 



n _ 1} dk < oo, 



which implies a\(k)^f G C 4 J- I3J d for almost every k G M 3 and A = 1,2. Hence, for all 
^ G Dom(Af 4/2 ), a A (k)^ is a C 4 ® ^" rad -valued function. We set g(k, A) := g(k, A; 0). 

Proposition 7.1. Let m > 0. Then a A (k)<F m (p) G Dom(# m (p)), a.e. k G M 3 ,A = 1,2 and 



a A (k)$ m (p) = -^=(F m (p-k)- J B m (p)+w m (k))- 1 a-g(k,A)$ m (p), a.e. (k, A) GM 3 x{l,2}. 

(23) 

Proof. For all / G Dom(w m ) and $ £ P, we have 

<(# m (p) " £ m (p))*X/)$m(p)> = { " «W) + « • 0(k/) + ^(/,g>}*m(p)). 

Hence, 

£ / /(k,A)*((fl m (p)-£; rn (p))*,o A (k)$ m (p)) = 

A=l,2' /lR3 

V / /(k,A)*(*,-w m (k)a A (k)$ m (p) + a-kaA(k)$ m (p)+ga-g(k,A)$ m (p)). 



A=l,2 
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Since the subspace Dom(w m ) is dense in L 2 (IR 3 x {1,2}), using du-Bois Reymond's Lemma, 
we obtain 

((H m (p) - £ m (p))tf ,o A (k)$ m (p)> = (% (-w m (k)a A (k) + a-ka A (k) + qa ■ g(k, A))$ m (p)>, 



for almost every k G M 3 ,A = 1,2, and all $eP. This means that a A (k)$ TO (p) G D(H m (p)) 
and 

(-Hm(p) - #m(p) + w m( k ) - a ■ k)a A (k)$ m (p) = —a • g(k, A)$ m (p). 
Hence ((23) follows. □ 
Proof of Theorem \4.1\ By Proposition 17.11 and the present assumption, we have that 

lim \\N^ m ( P )f< lim y f t 1 l|a ' s J k ; A | l|2 |1l ^dk. 

»-+o" b mWH -™-+o^7 K 3 2 (£ m (p-k)-£ m (p) + |k|+m) 2 
By Proposition 13.21 we have that 

< E(p - k) - E(p) + |k| < 2|k|. 

Hence 

' l^)l 2 dk < / . . ., I"' k >l 2 dk<oo. 



4 J R , |k| 3 " ./„> (E(p - k) - E(p) + |k|) 2 |k| 

which imply p G Dom(w~ 3 / 2 ). Thus, by using the Lebesgue's dominated convergence theorem 
with Theorem 13.91 we obtain 



lim K^<Mp)|| 2 <1. 

m— >+0 

ive groi 

j — > oo, and lim^oo || A^^ 2 ^?^. || < 1. Since C 4 is a finite dimensional space, $ m? . (p)^°) 



3 1/2 <Mp)|| 2 

Each component of the massive ground state $ TO . (p)^ converges to <I>o(p)^ weakly as 

1/2 

> oo, and Hindoo \\N h ' 9 mj \\ < 1. 
3 > o(p) ( ' ' ) strongly. It is easy to see that 

||<Mp)I| 2 > ll<*>o(p) (0) || 2 = lim ||1> mj (p) (0) || 2 = lim($ w ,(p),P n $ w ,(p)), 
where Pq is the orthogonal projection on the Fock vacuum (1, 0, 0, . . .) G J- r a,d- Hence we have 

||<D (p)|| 2 > 1 - lim ||iV b 1/2 cD (p)|| 2 > 0. 



This means that $o(p) 7^ and 3>o(p) is a ground state of H(p). □ 

Proof of Theorem Theorem 14.21 is a direct consequence of Theorem 14.11 and Theorem 14.21 

□ 

For a Hilbert space /C, we denote by B(/C) the set of bounded operators on K,. 
One can easily prove the following proposition: 
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Lemma 7.2. For each direction j 6 R 3 with |j| = 1, the operator valued function M 3 \{0} : 
k — » {H m (p — k) — E m (p) + w m (k))~ 1 G B(C 4 ^^"rad) differentiable in the norm resolvent 
sense, and 

5j (ff m (p-k) - £ m (p) + w m (k) ) - 1 

= {H m {p-k) - E m (p) +u m (k))- 1 (a ■ j + (1 + m)^\ (H m {p - k) - E m (p) + w m (k))-\ 

where <9j means the differential for the j- direction. 

We fix the following polarization vectors in the rest of this section. 

e (i) (k)= (^-fei,o) ; e(2)(k):= k Ae(1)(k) _ (24) 
V^i + H l k l 

For the set S (which is defined in Hypothesis (A)), we define Q := 5\{k G 1R 3 | fci = k 2 = 0}, 
riij := .Sr n £1. By Proposition 17. 2| we get the following proposition. 



Lemma 7.3. Assume the assumptions in Theorem \4.3\ Then a\(k)& m (p) is strongly contin- 
uously differentiable in $7 and 

a j a A (k)$ m (p) 

= -^(# m (p-k) - E m (p) + uJmik))- 1 f aj + (1 + m)|0 

x (H m (p - k) - E m (p) + ^(k))- 1 ^ • g(k, A)$ m (p) 

+ X(H TO ( p _k) - £ m (p) + ^(k))- 1 ^ • (a,-g(k, A))$ m (p), 



where dj is a differential operator in kj,(j = 1, 2, 3). 
We set 

*i(k,A) = (\L 3 

Lemma 7.4. Assume the assumptions in Theorem \4-3\ Then 

a i *W(p)(k, A; fc 2 , . . . , k n ) = -Ltf ^(k, A; k 2 , . . . , k n ), k t = (k e , \ e ), 



%(k,A) = (^ n) (k,A;.))~o := 3,-a A (k)$ m (p). 



/or k,k<Gfi, n£ N, A, A^ = 1, 2, j = 1, 2, 3, where dj is the distributional derivative in kj. 

Proof. In this proof, we omit the polarization coordinates A, \i and the total momentum p. 
By the definition, for all ^(k, k 2 , . . . , k n ) G Cg°(O n+1 ), we have 

- / (d^)(k,K)^(k,K) = Jim / Wk,K)±[*£Hk + hj,K)-*<£\t,K)]dkdK, 

jR3n h^0J R 3n \tl\ 
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where K = (k2, . . . , k ra ) and j is the unit vector of j-th axis. Hence we obtain 

[ dk\[ dK^(k,K) \±r[$V>Qz + n,K) - ^(k,K)} - -L^ 1 ) (k, K) 



*lF(V)|lz,2(ffi3(«-l)) 



^^(V)"^^^) 



L 2( R 3(n-l))' 



(25) 



where the operator is defined by A/j/(k) := /(k + /ij) — /(k) for all functions /. Note 
that \Ii\- 1 (k, •) converges to -i*( n '~ 1 )(k, •) strongly in L 2 (n^ n ~^) by Proposition 1731 

Since the function k — > ^^ n_1 ^(k, •) is strongly continuous in ft, we have 



\h\ Jo V n 



where s- J means the strong integral. By Proposition l7.3| ||\p( n ^ (k, •) || L 2( R 3(n-i)) is continuous 
in ft, and therefore bounded in {k G M 3 | \\ip(k, •) ||^2( R 3(n-i)) 7^ 0}. Hence 

A 



L 2( R 3(n-l)) 

< SUP — [|*("-l)(k + thj, Oll^^n-l)) + — [^^-^(k, OIL^RSCn-l)) 

|t|<i V n v n 

< const. 

Therefore, we can apply the Lebesgue dominated convergence theorem, and the right hand 



side of (|23|) converges to zero as \h\ — > 0. 

By Proposition 17.21 and direct calculations, we obtain the following lemma: 
Lemma 7.5. Suppose that the assumption of Theorem \4-3\ holds. Then 
||a (k) .*W(p;k,A;.)||<||aia A (k)* Tn (p)|| 



□ 



<^=(2 + m)(E m (p - k) - E m (p) + w m (k)) 



•|p(k)| 



V2 

+ -^(S m (p - k) - -E m (p) + w m (k))" 



+ -^=(E m (p - k) - -E m (p) + u) m (k))' 



+ ^=(^ m (P - k) - E m (p) + U ; m (k))- 1 l^|9 J e( A )(k)| 



k|V2 

|k|V2 

i lp(k)| 

|k| 3 / 2 

-i lp(k) | 
|k|V2 



for all k G ft, A = 1, 2, j = 1, 2, 3. 

Our polarization vectors ()24|) satisfy 

2 



|0yeW(k)| < 



, k G M 3 \{k' G M 3 !^ = k' 2 = 0}. 



(26) 
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We set 

|k|V2 



/«(k) := (£ m (p - k) - £ m (p) + Wm (k))- 
/£)(k) := (£ m (p - k) - £ m (p) + w TO (k))- 



|k|V2 



f£\k) := (£ m (p - k) - £ m (p) +o; m (k))- 1 l^ 
/«(k) := (£ m (p - k) - E m (p) + Wm (k))- 1 i^|5 i eW(k)|. 
Lemma 7.6. Assume the conditions in Theorem \4- 3\ Then 



sup \\f^\\ LP (S R ) <°°, j = 1,2,3,4, p€[l,2). 

0<m<l 

Proof. We give a proof in the case p / 0. The proof of the case p = is similar to the proof 
of the case p / 0. By Theorem 13.91 we have 

( J B m (p-k)- J B m (p) + |k|)" 1 < l—max/* ^y} < Cmax{ii}, 

l-Om(p) M k l |Pl J l l k l |Pl J 



where 



C := sup 



0<m<l 1 — b m (p) 

is a finite constant. Hence, 

/ m W <C || k |2 + | p |2j | k |l/2' 

Since »Sr is a bounded region, by the assumption |k| -5 / 2 |p(k)| G L p (Sr), we obtain that 



Similarly, we obtain 
By (|26|l. we have 



sup ||/^ ; ||i P (S fl ) < oo. 
0<m<l 



sup ||/^ j ||L2(5 B ) < i = 2,3. 

0<m<l 



By using the polar coordinate, we have 



/ sin6>d6» 


1 


7 iki 2 -( 


/[0,7T) 


sin 9 


J[0,R) \ 



'Sr 

This completes the proof. □ 

22 



Lemma 7.7. Suppose that the assumption of Theorem \4-S\ holds. Then each component of 
the massive ground state is in a Sobolev space: ®t ] G ® 4 W lj, ((n R x {1,2})") for all p G 
[1,2), R>0 and 

sup ||^ ) (p)lle 4 w/i.p((n fl x{i,2})") < oo- 

0<m<l 

Proof. Similar to the proof of page 557, Step 2.]. In this proof, we used Lemma 1731 and 
Lemma 17.61 □ 

Proof of Theorem \4.ty By the assumption of Theorem 14.31 and Proposition 17. II . there exists a 

1/2 

sequence {m J }^ =1 such that the subsequence {^ mj (p)}^Li and {N h $mj (p)}^=i have weak 
limits as rtij — > 0(j — ► oo). We denote by $o(p) the weak limit of {$m 3 -(p)}fci- If ^o(p) / 0, 
when 3>o(p) is a ground state of i?(p) (see 0). 

Any vector $ G ®^T n = C 4 (8> .F 1 is a function of the particle spin coordinate X G 
{1,2,3,4}, the n-photon wave number argument (ki, . . . , k n ) G M 3n , and the photon helicity 
arguments Ai, . . . , A„ G {1, 2}. For simplicity, we set 

<D$ n) (k l5 . . . , k n ) := $ m . (p) W (X; ki, A x ; • • • ; k n , A n ), 
${, n) (ki , . . . , k n ) := $ (p) (n) (X; ki, Ai; . . . ; k n , A n ). 

for X G {1,2,3,4} and Ai,...,A n G {1,2}. Note that S^fcJ G L 2 (M 3n ). We show that 



s-lim^oo $J n) = $< n) for all n G N, X G {1, 2, 3, 4} and Ai, . . . , A n G {1, 2}. 

Since \S R \ < oo for all R > 0, L S (S R ) C L 2 (^) for s > 2 for all R > 0. By this fact, 
for all p G [1,2), {§f ] }j weakly converges to in the sense of L v (S R n ). By Lemma l7.7| 

supj ||$j||jyi>i>(n*y < oo. Therefore, a subsequence of converges to a vector &^ R G 

W 1,p (r^) in the sense of the dual Sobolev space W 1,p (£l R )* , i.e., for all linear functionals 
/ G W^ P (Q R )*, /(^ n) - -»■ as j -»■ oo. By a general fact of the dual of W^ p {e.g. 

H2|), for all / , / 3n G LP(n n R )* = L s (ft«), (p- 1 + s' 1 = 1), we have 



/ 



3n „ 

/o(< } " +E / „ " *$) - 0, (j - oo). 



i=l 

Therefore we have for all R > 

^(kx, . . . , k n ) = $g (k ls . . . , k n ), (k l5 . . . , k n ) g n% 

Hence for all p G [1, 2), we have <S>j — ► Qq 1 ^, (j — > oo) in the weak sense of W 1,p (ft R ). Since 
we assume that p is rotation invariant, the set S R is a spherically symmetric region in M 3 , and 
£l R is a £r without the k^-axis. By the assumption of Theorem 14. 3( £1 R has the cone property. 
By using the Rellich-Kondrashov theorem( J12l Theorem 8.9]), we have 

hm \\^-^\\ LS{nn) =0, 

]— +oo J •-tl' 



23 



for all s < 3 ^!f ■ Since p £ [1, 2) is arbitrary, we choose p = 6n/(3n + 2) G [1, 2), and we get 

lim^oo ||^ n) - = 0, for all R > 0. We set := (*( n) )» =0 ,* := (< } )n=o G 

© 4 ^ r rad- Let be the characteristic function of the ball {k G M 3 ||k| < R}. We denote by P n 
the orthogonal projection to the n-photon subspace C 4 ® T n . Then we have 

[|r(xn)(*i - *o)|| 2 = ||P»T(xB)(*i - <*>o)|| 2 + ll(i - Pn)r(xK)(^ - <*>o)|| 2 
< \\P n r(XB)(^ - $o)|| 2 + ^WN^Tixn)^ - $ )|| 2 . 

Since each component (V(xR)&j) converges to (T(xr)$o) strongly as j — > oo, we have 

lim ||r( X fl)(*j - $o)|| 2 < ilnnsup||r(xfl)JV b 1/2 (*i - $o)|| 2 , 

for all n E N. Therefore we obtain 

s-Iimr(xji)*j = r(xii)*o. (27) 
On the other hand, by Proposition 17. II we have 

\\ H y%f=y f |k|||a A (k)cD,|| 2 dk< [ — — . q2 ^ k) }\ ^dk<oo. 

x=i,2 - J R3 (E mj (p-k)-E mj (p) + \k\+m j y 

Using the condition p £ Dom(w _1 ) with Theorem 13,91 we can show that 

lim sup 11^% || 2 < f — fJ P{ ^!\ , 1 „ 9 dk<oo. 

i^oo " f lU - 7r3 (E(j> - k) - E(p) + |k|) 2 

Therefore for all R > we have 



11$,- - $ |r = lir(xji)(*i - *o)[r + - WOoO - 1)(% - $o 

— 1/2 1.2 



< \\r(xR)(*j - <fo)ll 2 + IKi - p )(i - r( XR ))H7 1/2 \\ 2 • wriftfy - * ) 



<l|r(x R )(^-*o)ll 2 + ^ 

where "const." means the constant independent of R > 0. By (|27|). we get that 

s-lim$j = $ - 



This means the <3?o is a normalized ground state of H(jp). □ 
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8 Proof of Theorem [Ol 



In this section we assume the assumptions in Theorem 15, 21 By the arguments in Appendices A 
and B, it suffices to prove Theorem 15. 21 in the case e = e. Here e is a special polarization vector 
()32|) . Note that e depends on j. For simplicity, we suppose that there exists a non-negative 
constant t such that p = ij. We choose a matrix T G 50(3) such that T _1 p = (0,0, |p|) and 
T j = (0,0, 1). Let U be the unitary operator which is defined in the proof of Proposition 
E31 By (0, we obtain 



UH m (p)U* = (\p\a 3 + M(3 + H f (m) - a • dT(k) - qa ■ $ S (A)), 



where 



A= (Ai,A 2 ,A 3 ) = ^^(T-^^Tk^T-^iTk)) G (L 2 (M 3 x {1,2})) 3 . 

Since T G 50(3), we have that 

r -i,(D (Tk) = T-'KTVxj] = kx (0,0,1) ^ lg{2)(Tk) = k (T - lg(1)(rk)) . 
1 j |(Tk)xj| |kx (0,0,1)|' 1 ; |k| 1 1 }) 

It is easy to see that p(TR'k) = p(Tk),k G M 3 for all i?' G 0(3) with #(0,0,1) = (0,0,1). 
Since S = (i/4)a x a, we have 

C/(j • S)[T = lj • [(Tq) • (Ta)] = lj • [T(a x a)] = i(a x a) 3 = 5 3 . 
Moreover, one can show that £/(j • dT (•£))[/* = dr(£ 3 ). Therefore, 

C/Jj(e)C/* = 5 3 + dT(4) ; 
and, hence, we conclude that it is sufficient to prove the theorem in the case 

p = (0,0, |p|), j = (0,0,1). 
Proof of Theorem \5. 6 A We assume (|2*%|) to the end of this proof. We put 

k 



(28) 



- (1) ( k ):=%r=#> 
V k l + k i 



x e«(k). 



For a real parameter 8 G R, we set 

W := exp[i0Jj(e)], 9 := 



cos — sin 
sin # cos 8 
1 



It is elementary to show that 

WaW* = &a, W(3W* = /?, 
WdT(k)W* = edT(k), WH f (m)W* = H f (m) 
WAW* = 0A. 



(29) 
(30) 
(31) 
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Here, to show (j31[) we use the concrete form of e: 

eW(Gk) = 9e (A) (k), A =1,2. 



Since 9 G R is arbitrary, (f2l?|) . (|H()j) and (jHlj) implies that H m (p) commutes with Jj(e) strongly. 
Thus, by a general fact for strongly commuting self-adjoint operators, we conclude that H m (p) 
is decomposable as 

Hjpj= H m (p:z), 

zez 1/2 

in the sense of (|13|). We define new unitary operators v, r, T by 



K)(k,A) 



\-f(h,-k 2 ,h,i) if A = l, 

\/(fci,-*2,*3,2) if A = 2, / G L 2 (M 3 x {1, 2}). 
r := ai«2/5, T := r • r(z/). 



It is easy to see that 



u£ 3 u* = -4, t5 3 t* = -S3, 

vk\v* = k%, vk<iv* = —k 2 , vk$v* = k%, 

TOl\T* = at, T02T* = —Ot2, TQ3T* = 03, T/3t* = j3, 

ue^ (k)^ 1 = (fc2 '~ ( ~ fcl) ' 0) „ 6 (2) f kV 1 = ( k ^,-k 2 k 3 -kj -k 2 2 ) 



Hence, 



Tff m (p)T* = H m (p), TJjT* = -Jj 



Let E(z), z G 2^/2 be the orthogonal projection on ker(Jj — z). Note that R&n(E(z)) = T{z). 
E(—z)TE(z) is a unitary operator from Kan(E(z)) to Ran(£'(— z)) and 



E(-z)TE(z)H m (p : z)£7(z)T*E(-«) = £(-z)r£(z)r*tf m (p)r£(z)T*£(-,z) 

= H m (p : -z). 

Therefore H m (p : z) is unitarily equivalent to H m (p : —z) for all z G Zip. □ 



9 Appendix A: A Remark on the Polarization Vectors 

In this appendix, we show that the quantum electrodynamics does not depend on the choice 
of polarization vectors, i.e., the Hamiltonians defined by different polarization vectors are 
unitarily equivalent each other. We show the equivalence only for the Hamiltonians H and 
H(p), but one can apply our proof to the Pauli-Fierz model and various QED models. In the 
proof, we do not use the form of the cutoff function p and dispersion u, and use only the facts 
that p and lo are independent of the helicity argument A. 
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We assume that the polarization vectors eW(k), e^ 2 ^(k) and k are a right-handed system; 
k-e«(k) = 0, ||e«(k)|| R 3 = 1, e( 2 »(k) = ^-Ae«(k), keR 3 . 

Next, we take any polarization vectors e'*- 1 ), e'^: 

k-e / W(k)=0, e / W(k)-e , W(k) = 5 A , M . k G M 3 , A, /x G {1, 2}. 

Let H' and H'(p) be the Hamiltonians H and H(p) with replaced e'( x \ A = 1,2, respec- 
tively. 

The essential self-adjointness of Hamiltonians H and H(p) does not depend on a choice of 
a polarization vectors, and H and -ff (p) are unitarily equivalent to H' and H'{p), respectively: 

Theorem 9.1. Assume that H is essentially self-adjoint. Then H' is essentially self-adjoint 
and H is unitarily equivalent to H' by a unitary operator U(e <— e'): 

U(e «- e')H'U(e «- e')* = H. 

Theorem 9.2. Assume that H(p) is essentially self-adjoint. Then H'{p) is essentially self- 
adjoint and H{p) is unitarily equivalent to H'{p): 



U{e <- e')H'(p)U(e <- e')* = H(p). 

Remark. The unitary operators U(e «— e') satisfy the chain-rule: 

tf(e <- e")C(e" <- e') = U(e <- e'), 
C/(e «- e ')* = tf(e' «- e). 

Proofs of Theorems 1,9, il and \V.2L By the definition of polarization vectors, for each k G M 3 it 
holds that e'( 2 )(k) = £ A ^(k) or e'( 2 )(k) = -Jfa A e'W(k). Let O C M 3 be a set such that 

e'(2)(k) = -tK A e'W(k), keO holds. We define a polarization vectors e"( A ), A = 1, 2, 



e"W(k):=e'W(k), e"( 2 )(k) := 



e'( 2 )(k), kGR 3 \0, 
-e'( 2 )(k), keO. 



We define an operator H" which is H with e( A ) replacing e"( x \ A = 1, 2. Let 



g'(k,A;x) := -^ e 'W(k)e- lk - x , g"(k,A;x) := -^e"W(k)e 



and we set 



A'(x) :=-L / e [a(g'(-,x))+a(g'(-,x))*]dx, A"(x) :=-L T [a(g"(-, x)) + a(g"(-, x))*]dx, 
V 2 7R3 V2 Jr3 
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self-adjoint operators on T . Since e"( 1 ^(k), e"( 2 )(k), k are a right-handed system: k-e'^^k) 
0, e"( 2 )(k) = tct A e"W(k), for all k G M there exists 0(k) G [0, 2vr) such that 



e( 1 )(k)" 




"cos0(k) 


-sin0(k)~ 




e"«(k)" 


eW(k)_ 




sin0(k) 


cos0(k) _ 




e"( 2 )(k)_ 



We define a unitary operator m on L 2 (R 3 x {1,2}) by 



W)(k,l)~ 




cos0(k) 


-sin0(k)~ 




7(k,l)" 






sin0(k) 


cos0(k) _ 







k G IT. 

The operator C7(e <— e") := T(tii) is a unitary operator on ^-ad- It is clear that 

U{e <- e")dr(^)C/(e <- e")* = dT(w). 

By the equality uig"(-,x) = g(-,x), we have U(e <— e")A"(x){7(e <— e")* = A(x). Therefore 
we get 

U{e <- e")H"U(e <- e")* = C/(e <- e")H"U(e <- e")* = 

This means that the operator i?" is essentially self-adjoint and £f" is unitarily equivalent to 
Next we show that iT" is unitarily equivalent to H'. Let ^2 be a unitary operator on 
L 2 (M 3 x {1,2}) such that 



(«2/)(k,A) := 



-/(k,2), kG5, 
/(k, A), otherwise. 



It is easy to see that uig'j(-,x) = </'(•, x), j = 1,2,3. Then J7(e" 
transformation on .F r ad, and 



T(ii2) is a unitary 



C/(e" «- e')dT(a;)i7(e" «- e' 



dr(w) 



By the definition of U2, the equality f7(e" <— e / )A / (x)C/(e // <— e')* = A"(x) holds. Hence we 
have 

?7(e" «- e')7PU(e" «- e')* = U{e" <- e')H'U(e" <- e')* = 
which implies that ff' is essentially self-adjoint and if is unitarily equivalent to fi". We set 

J7(e <- e') := U{e <- e")tf(e" <- e'). 

Then C/(e <— e')H'U(e <— e')* = ii. Therefore Theorem 19. II is proved. The proof of Theorem 
19.21 is similar to the proof of Theorem 19.11 □ 



10 Appendix B: A Remark on the Angular Momentum 

As shown in Appendix A, the spectral properties of QED models do not depend on the choice of 
the polarization vectors. Hence, in the definition of the QED model, usually we do not specify 
the choice of the polarization vectors. However, the angular momentum of the electromagnetic 
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field depends on a choice of the polarization vectors, because the angular momentum does not 
commute with U(e <— e'). Therefore, when one discusses the angular momentum, one has to 
specify the choice of polarization vectors in the definition of the model. Let (H, e) be a pair 
of a Hamiltonian and a polarization vectors. The QED system is specified by this pair (H,e). 
For each unit vector j 6 M 3 , we define a special polarization vectors e = (e^,^ 2 )) by 

g(1)(k):= W^I' ^ 2 )( k ) ; =^ Ag(1) ( k )- ( 32 ) 

For a Dirac-Maxwell system (H,e), the angular momentum of j-direction is defined by 

Lj(e) := dT(R), 

where 

£■= (h,hJ 3 ) :=i(V k xk), 

is a set of self-adjoint operators acting on L 2 (M. 3 x {1,2}). 

Let e = (e^,^ 2 )) be any polarization vectors. The angular momentum of j-direction in 
the Dirac-Maxwell system (H, e) is defined by 

Lj(e) := U(e^e)Lj(e)U(e^e)*, 

where U(e <— e) be a unitary operator which is defined in Appendix A. By the chain-rule of 
U(e <— e'), the angular momentums transformed as follows: 

L i (e) = U(e^e')L j (e')U(e^e'r, 

where e, e' are arbitrary polarization vectors. 
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